This paper deals with a curve evolution problem which, if the curvature of the initial convex curve satisfies a certain pinching condition, keeps the convexity and preserves the perimeter, while increasing the enclosed area of the evolving curve, and which leads to a limiting curve of constant width. In particular, under this flow the limiting curve is a circle if and only if the initial convex curve is centrosymmetric.
Introduction
Denote by S 1 the unit circle centered at the origin of the Euclidean plane ‫ޒ‬ 2 . Let X 0 .'/, ' 2 S 1 , be a closed C 1 curve in the plane. A curve evolution problem is usually defined as .@X=@t /.'; t / Dˇ.'; t /N.'; t /; .'; t / 2 S 1 .0; T /; X.'; 0/ D X 0 .'/;
' 2 S 1 ;
where X.'; t / D .x.'; t /; y.'; t // is the position vector of the evolving curve, N.'; t/ its unit normal vector field andˇ.'; t / some geometric quantity depending on the evolving curve. Such problems arise in many fields, such as image processing [Cao 2003 ], phase transitions [Gurtin 1993 ], etc. In fact, the above evolution problem has been studied extensively, for example, for the popular curve-shortening flow [Gage 1984; Gage and Hamilton 1986; Grayson 1987] , the area-preserving flows [Gage 1986; Mao et al. 2013; Ma and Cheng 2014] , the perimeter-preserving flows [Pan and Yang 2008; Ma and Zhu 2012] and in other related research [Angenent 1991; Chow and Tsai 1996; Andrews 1998; Urbas 1999; Chao et al. 2013] . One can find more background material in the book [Chou and Zhu 2001] . Let Â be the tangential angle, i.e., the oriented angle from the positive x-axis to the unit tangential vector of the curve. If the initial curve X 0 is strictly convex then it can be parameterized by Â. In this paper, we will focus on the following curve
If the pinching condition
holds for X 0 .Â /, i.e., 1 3 < m=M Ä 1, then (1-1) has a global solution X.Â; t / for .Â; t/ 2 S 1 OE0; 1/. As time passes, the flow keeps the convexity, preserves the perimeter while increasing the enclosed area of the evolving curve, and makes the curve more and more circular. As the time t goes to infinity, the curve X. ; t / evolves smoothly to a curve of constant width L 0 = , where L 0 is the perimeter of the initial convex curve X 0 .Â /. In particular, the limiting curve is a circle if and only if the initial curve is centrosymmetric.
If a smooth simple closed curve evolves under the curve shortening flow then it converges to a round point (see [Gage 1984; Gage and Hamilton 1986; Grayson 1987] ). In the cases of nonlocal flows for convex curves, the limiting curves are finite circles (see [Gage 1986; Jiang and Pan 2008; Pan and Zhang 2010; Ma and Cheng 2014] ). Forming a striking contrast to these researches, although in the present case the evolving curve keeps its convexity and becomes more and more circular, the limiting curve of the flow is only of constant width rather than being a circle. This paper is organized as follows. In Section 2, we will compute the evolution equations of the commonly used geometric quantities, and reduce the nonlinear problem (1-1) to the Cauchy problem
.@ =@t /.Â; t / D .@ 2 Á=@Â 2 /.Â; t /; .@Á=@t /.Â; t / D 2.@ 2 Á=@Â 2 /.Â; t /;
.
where Â is the tangential angle and .Â; t / is in S 1 OE0; T /. In Section 3, we will show that the Cauchy problem (1-3) has a bounded positive solution in S 1 OE0; C1/, provided that condition (1-2) holds. We will prove that the evolving curve maintains its convexity and is of the same length as the initial convex curve. As time tends to infinity, the asymptotic behavior of the evolving curve will be considered. In Section 4 we will give several examples.
Some preparations
In this section, we will first calculate the evolution equations of the commonly used geometric quantities, and then give the equivalence between the curve evolution problem (1-1) and the Cauchy problem (1-3). Now, we suppose that there exists a family of convex curves X.'; t / evolving according to (1-1).
To make the tangential angle Â a variable independent of time t, let us consider the following flow instead of (1-1):
.@ z X =@t /.Â; t / D˛.Â; t /T .Â; t / C .w.Â; t / Á.Â; t //N.Â; t /;
where˛D˛.Â; t / is to be determined. Setˇ.Â; t / D w.Â; t / Á.Â; t /. By [Chou and Zhu 2001, Proposition 1.1, p. 6] , the solution of (2-1), z X . ; t /, differs from the solution of (1-1), X. ; t /, only by altering the parametrization. Therefore, we just need to calculate the evolution equations of and Á under the flow (2-1).
Let s be the arc length of the curve z X . ; t /. The metric of the curve is given by g.'; t/ D k@ z X =@'k. From the Frenet formulae it follows that
Therefore, one gets
Since the Frenet frame can be expressed via the tangential Â as T D .cos Â; sin Â /, N D . sin Â; cos Â /, one can obtain the Frenet formulae
The definition of curvature Ä implies that @Â=@s D Ä or @s=@Â D . Noticing that
one obtains that
From (2-3), if we set˛D .1=Ä/.@ˇ=@s/ D @ˇ=@Â, then the tangential angle Â is independent of t and so are T and N . The evolution equation of the Minkowski support function p of the evolving curve is given by
From the evolution equation of the support function p and from the definition of width, w.Â; t / WD p.Â; t / C p.Â C ; t /, we have
Now, we can conclude that if there is a family of convex curves X. ; t / evolving according to the flow (2-1), then the Cauchy problem (1-3) is solvable for some T > 0. The following theorem can tell us that the contrary also holds.
Theorem 2.1. The curve evolution problem (1-1) is equivalent to the Cauchy problem (1-3) for some T > 0, if the initial curve X.'; 0/ D X 0 .'/ is smooth and strictly convex.
Proof. We just need to prove that if the Cauchy problem (1-3) has a solution Á.Â; t / for some T > 0 then the evolution problem (2-1) is solvable for .Â; t / 2 S 1 OE0; T /. Define a family of curves z
Direct computation gives us
And similarly, one can get
So the curve z X .Â; t / satisfies
where fT; N g is the Frenet frame of the curve z X, which implies that the flow (2-1) has a solution since we have chosen˛D .1=Ä/.@ˇ=@s/ D @ˇ=@Â . Therefore the original problem (1-2) is also solvable on S 1 OE0; T /.
Global existence and convergence of the flow
Because we can reduce the curve evolution problem (1-1) to a Cauchy problem (1-3) for small t, the local existence of the flow (1-1) is a direct corollary of the classical theory of heat equations. In this section, we will first prove that problem (1-1) has a unique, convex and smooth solution curve X.'; t / on S 1 OE0; C1/; i.e., the Cauchy problem (1-3) has a positive and smooth solution . . ; t /; Á. ; t // for t 0, provided that the pinching condition (1-2) holds for the initial curve. Then we will show that the curve X. ; t / evolves to a constant-width curve smoothly.
Lemma 3.1. The Cauchy problem (1-3) has a global solution . ; t / for t 0. If the pinching condition (1-2) holds, then there exist two positive constants C 1 and C 2 such that
for .Â; t/ 2 S 1 OE0; C1/.
Proof. The local and global existence of solutions for the Cauchy problem (1-3) is a direct corollary of the classical theory for heat equations. Suppose (1-3) has a positive solution .Â; t / on S 1 OE0; T / for some T > 0. Since @Á=@t D 2@ 2 Á=@Â 2 and Á.Â; 0/ D Á 0 .Â / is a positive smooth function, we know that Á.Â; t / is defined on S 1 OE0; C1/ and is smooth. Furthermore, by the maximum principle, n Ä Á.Â; t/ Ä N , where n WD minfÁ 0 .Â / j Â 2 S 1 g, N WD maxfÁ 0 .Â / j Â 2 S 1 g. By the evolution equation of Á and Writinger's inequality, we have
where k is a positive integer. And thus
Hence, by Sobolev's inequality, one gets (3-2) max
where
Notice that @ =@t D @ 2 Á=@Â 2 Ä C.2/e 8t ; i.e.,
/ gives us (3-3)
.Â; t / Ä C 2 :
By the maximum principle, we know that Á.Â; t / minfÁ 0 .Â / j Â 2 S 1 g > 0. If Á 0 .Â/ attains its minimum n at Â n , then one has
Namely, there exists a positive constant
.Â; t / C 1 :
Combining (3-3) and (3-5), we complete the proof of (3-1).
Corollary 3.2. If the pinching condition (1-2) holds for the strictly convex initial curve X 0 .'/, then the problem (1-1) has a unique global solution X.'; t / on S 1 OE0; C1/ and X. ; t / is a strictly convex curve for all t > 0.
Lemma 3.3. Under the condition of Corollary 3.2, the convex evolving curve converges to a constant-width curve smoothly.
Proof. By the evolution equation of w and the closing condition of the evolving curve, we have almost the same estimate for w as that for Á:
where C.X 0 ; k/ is a positive constant depending only on the initial data X 0 and k. By the Arzelà-Ascoli theorem, there exists a subsequence fw.Â; t i /g convergent as t i goes to infinity. Since lim t !1 j@w=@Âj D 0, lim t i !1 w.Â; t i / equals some constant.
Noticing that R 2 0 w.Â; t / dÂ D 2L 0 , we obtain that lim t i !1 w.Â; t i / D L 0 = . Since this equality holds for any convergent subsequence of fw.Â; t /g, we can claim that fw.Â; t/g is convergent:
(3-7) lim
Similarly, we also have
From (3-4) it follows that (3-9) lim
Since M < 3m (condition (1-2)), one gets (3-10) lim
By (3-6) and (3-10), the limit of the evolving curve is convex and is of constant width. By (3-4) and (3-9), we have
Thus that the evolving curve converges smoothly is a corollary of (3-2).
Lemma 3.4. Under the condition of Corollary 3.2, the flow (1-1) keeps the perimeter of the evolving curve X and increases the enclosed area.
Proof. Let L.t / be the perimeter of the evolving curve X. ; t / and A.t / the enclosed area. The variational formulae of L.t / and A.t / in [Gage 1986 ] give us
Under the flow (1-1), the perimeter evolves according to
which implies that the flow (1-1) keeps the perimeter of the evolving curve. By Gage's variational formulae (3-11), the enclosed area evolves according to
where the fact that w.Â; t / is a periodic function with period with respect to Â is used. Now, the Wirtinger inequality implies dA=dt 0. Namely, flow (1-1) increases the area enclosed by the evolving curve.
From the previous lemma, it follows that
which tells us that the isoperimetric deficit of the evolving curve is decreasing and thus the curve becomes more and more circular during the evolution process. Generally speaking, the pinching condition (1-2) can not be omitted, because we have a lot of convex curves such that the right-hand side of (3-9) is negative for some Â. However, an example in the next section shows that the pinching inequality (1-2) is just a sufficient condition to guarantee the global existence of convex curve X. ; t/. We do not know how to weaken this condition.
Next, we will follow the idea from [Lin and Tsai 2009 ] to study the geometric behavior of the flow (1-1) (using Fourier series). Now suppose that (1-1) has a global solution on S 1 OE0; C1/ and that each evolving curve is strictly convex.
The Fourier expansion of the support function p.Â; t / of the evolving curve can be written as
where Â is the tangential angle. By the definitions of width and radius of curvature, we have
Since @w=@t D 2.@ 2 w=@Â 2 /, we have, by comparing the coefficients of both sides,
Therefore,
and thus
As we know, @p=@t D Á w D @ 2 w=@Â 2 D 1 2 .@w=@t /. Integrating this yields
The formula above is useful because we can use (2-4) and the definition of the support function to draw the graph of the evolving curve X D .x; y/ according to the following parametrization of convex curves (see [Green and Osher 1999] ):
At the end of this section, we prove the last part of the Main Theorem.
Lemma 3.5. If the initial curve X 0 is centrosymmetric, then the flow (1-1) has a global solution on S 1 OE0; 1/ and the limiting curve is a circle, and vice versa.
Proof. If the initial curve X 0 is centrosymmetric and the symmetric center is the origin of the plane, then the support function and the radius of curvature of X 0 satisfy
By the evolution equations of and Á (see (2-5)), @=@t .Â; t / 1 2 Á.Â; t / D 0: Thus we get
The maximum principle tells us that 0 < 1 2 n Ä .Â; t / Ä 1 2 N (n; N are defined in the proof of Lemma 3.1). Since 1 2 Á.Â; t / converges to L 0 =2 , .Â; t / also tends to L 0 =2 as t ! 1. Therefore, the limiting curve is a circle.
If the flow (1-1) has a global solution on S 1 OE0; 1/ and the limiting curve is a circle, then (3-14) implies that a 2k 1 .0/ D b 2k 1 .0/ D 0 for k D 1; 2; : : : . Therefore
Namely, X 0 is centrosymmetric with respect to the origin. Now, combining Corollary 3.2 and Lemmas 3.3-3.5, we complete the proof of the Main Theorem.
Examples
In this section, we will illustrate several examples. We have said that the pinching condition (1-2) cannot be omitted in the Main Theorem. In the following, a convex curve is given to show that (3-9) is negative for some Â. Define a function on S 1 by
We can construct a closed curve X 0 .Â / D .x.Â /; y.Â // by setting x D p 0 sin Â C dp 0 dÂ cos Â; y D p 0 cos Â C dp 0 dÂ sin Â:
The support function of X 0 .Â / is p 0 .Â /, and we claim that X 0 is convex, since we can find that the minimum of the radius of curvature with minimum equal to 5 and maximum equal to 30:6366 : : : , again using Matlab. Although this convex curve does not satisfy the pinching condition of the Main Theorem, numerical experiment shows that, under the flow (1-1), it keeps its convexity ( min .t/ 5, for every t 2 OE0; 1/) and converges to a curve of constant width 38. Figure 4 describes the evolution process. Our last example is a centrosymmetric convex curve X 0 with support function p 0 .Â / D 15 C 3 cos.2Â /; for Â 2 OE0; 2 :
If X 0 evolves according to the flow (1-1) then the family of evolving curves converges to a circle. The evolution process is demonstrated in Figure 5 . 
